The relaxed micromorphic model
The relaxed micromorphic model has been recently introduced into continuum mechanics in [14] . In subsequent works [15] [16] [17] [18] , the model has shown its wider applicability compared with the classical Mindlin-Eringen micromorphic model in diverse areas [10] [11] [12] 19] .
The dynamic relaxed micromorphic model counts only eight constitutive parameters in the (simplified) isotropic case, namely five elastic moduli μ e , λ e , μ micro , λ micro , μ c [Pa], one characteristic length L c [m], the average macroscopic inertia ρ [kg] and the microinertia η [kg m −1 ] . The simplification consists of assuming one scalar microinertia parameter η and a uniconstant curvature expression. The characteristic length, L c , is intrinsically related to non-local effects due to the fact that it weights a suitable combination of first-order space derivatives of the microdistortion tensor in the strain energy density (2.1) . For a general presentation of the features of the relaxed micromorphic model in the anisotropic setting, we refer the reader to [20] . microdistortion field P ∈ R 3×3 . Our novel relaxed micromorphic model endows the Mindlin-Eringen representation of linear micromorphic models with the second-order dislocation density tensor α = −Curl P instead of the full gradient ∇P. 1 In the isotropic hyperelastic case, the elastic energy density reads W = μ e sym ( ∇u − P) 2 + λ e 2 (tr( ∇u − P)) 2 + μ c skew( ∇u − P) 2 + μ micro sym P 2 + λ micro 2 (trP) 2 where the parameters and the elastic stress are analogous to the standard Mindlin-Eringen micromorphic model. The model is well posed in the statical and dynamic case even for zero Cosserat couple modulus μ c = 0; see [21, 22] . In that case, it is non-redundant in the sense of [23] .
Well-posedness results for the statical and dynamic cases have been provided in [14] , making decisive use of recently established new coercive inequalities, generalizing Korn's inequality to incompatible tensor fields [24] [25] [26] [27] [28] . Decisive for the relaxed micromorphic formulation is the definition of the elastic energy in terms of suitable strain tensors. Because ∇u is the macroscopic displacement gradient and P is the microdistortion, it appears possible to use the non-symmetric relative (elastic) strain tensor ∇u − P as the basic building block in the energy. Using the Cartan-Lie orthogonal decomposition, we may introduce μ e dev sym ( ∇u − P) 2 + 2μ e + 3λ e 3 (tr( ∇u − P)) 2 + μ c skew( ∇u − P) 2 .
(2.
2)
The microstructure contribution based on P alone is restricted, by infinitesimal frame indifference, to μ micro dev sym P 2 + 2μ micro + 3λ micro 3 (tr P) 2 + μ e L 2 c 2 Curl P 2 .
(2.3)
Strict positive definiteness of the potential energy is equivalent to the following simple relations for the introduced parameters [14] :
μ e > 0, μ c > 0, 2 μ e + 3λ e > 0, μ micro > 0, 2 μ micro + 3 λ micro > 0 and L c > 0. (2.4) As for the kinetic energy density, we consider that it takes the following (simplified) form:
simplified microinertia (2.5) where ρ > 0 is the value of the averaged macroscopic mass density of the considered material, whereas η > 0 is its microinertia density. For very large sample sizes, a scaling argument shows easily that the relative characteristic length scale L c of the micromorphic model must vanish. Therefore, we have a way of comparing a classical first-gradient formulation with the relaxed micromorphic model and to offer an a priori relation between the microscopic parameters λ e , λ micro , μ e , μ micro , on the one side, and the resulting macroscopic parameters λ macro , μ macro , on the other side [20, 29, 30] . We have (2μ macro + 3λ macro ) = (2μ e + 3λ e )(2μ micro + 3λ micro ) (2μ e + 3λ e ) + (2μ micro + 3λ micro ) and μ macro = μ e μ micro μ e + μ micro , (2.6) where μ macro , λ macro are the moduli obtained for L c → 0. For future use, we define the elastic bulk modulus κ e , the microscopic bulk modulus κ micro and the macroscopic bulk modulus κ macro , respectively, κ e = 2μ e + 3λ e 3 , κ micro = 2μ micro + 3λ micro 3 and κ macro = 2μ macro + 3λ macro 3 .
(2.7)
In terms of these moduli, strict positive definiteness of the energy is equivalent to
If strict positive definiteness (2.8) holds, we can write the macroscopic consistency conditions as κ macro = κ e κ micro κ e + κ micro and μ macro = μ e μ micro μ e + μ micro , (2.9) and, again under condition (2.8) , 
(b) Dynamic formulation
The dynamic formulation is obtained by defining a joint Hamiltonian and assuming stationary action. The dynamic equilibrium equations are ρu ,tt = Div[2μ e sym ( ∇u − P) + 2μ c skew( ∇u − P) + λ e tr ( ∇u − P)1]
and ηP ,tt = −μ e L 2 c Curl Curl P + 2μ e sym ( ∇u − P) + 2μ c skew( ∇u − P) + λ e tr ( ∇u − P)1 − [2μ micro sym P + λ micro tr (P)1].
We note here that the presence of the Curl P in the energy generates a non-local term Curl Curl P in the equation of motion, whereas the possibility of band gaps is still present; see [15] . The presence of the Curl P term is essential to simultaneously allow us to describe the non-localities and band gap in an enriched continuum mechanics framework. Sufficiently far from a source, dynamic wave solutions may be treated as planar waves. Therefore, we now want to study harmonic solutions travelling in an infinite domain for the differential system (2.15) . To do so, we define
and
and we introduce the unknown vectors 3 and v 4 = (P (23) , P [23] , P V ). uncoupled (2.17) The definition of the unknown vectors was made considering the coupling of the variables in the equations of motion; see [15] [16] [17] [18] [32] [33] [34] [35] [36] . More particularly, it has been shown in these previous works that three sets of equations can be isolated: one involving only longitudinal quantities, one involving only transverse quantities and one of three completely uncoupled equations. We suppose that the space dependences of all introduced kinematic fields are limited to a direction defined by a unit vectorξ ∈ R 3 , which is the direction of propagation of the wave and which is assumed given. Hence, we look for solutions of (2.15) in the form
are the unknown amplitudes of the considered waves, C 3 is the space of complex constant three-dimensional vectors, 2 k is the wavenumber and ω is the wave frequency. Because our formulation is isotropic, we can, without loss of generality, specify the propagation directionξ = e 1 . Then, X = e 1 , x R 3 = x 1 , and we obtain that the space dependences of all introduced kinematic fields are limited to the component X, which is now the direction of propagation of the wave. 3 This means that we look for solutions in the form Replacing these expressions in equations (2.15), it is possible to express the system (see [15, 16] ) as 
Here, we have defined
Let us next define the diagonal matrix
Considering γ = diag 1 · β and the matrixĀ 1 (ω, k) = diag 1 · A 1 (ω, k) · diag −1 1 , it is possible to formulate the problem (2.20) equivalently as 4
(2.25) 4 It is possible to face the problem in two more equivalent ways. The first one is to consider from the start that the amplitudes of the microdistortion field are multiplied by the imaginary unit i, i.e. β = (β 1 , iβ 2 , iβ 3 ) T ∈ C 3 , as done in [10, p. 24, equation
]. Doing so, we obtain a real matrix that can be symmetrized with diag 1 =
. On the other hand, it is also possible to consider from the beginning β = ( 
Analogously considering
In order to have non-trivial solutions of the algebraic systems (2.20), one must impose that
the solution of which allows us to determine the so-called dispersion relations ω = ω(k) for the longitudinal and transverse waves in the relaxed micromorphic continuum (figure 1). 5 The solutions of the eigenvalue problem obtained via the proposed decomposition are the same as the ones obtained via the standard formulation shown in appendix Aa with the full 12 × 12 matrix; for more details, see [34] . For estimates on the isotropic moduli, we refer the reader to [17, 33] and, for a comparison with other micromorphic models, to [32, 36] . For solutions ω = ω(k) of (2.28), we define phase velocity: v = ω k and group velocity:
Real wavenumbers k ∈ R correspond to propagating waves, whereas complex values of k are associated with waves whose amplitude either grows or decays along the coordinate X. In linear 5 The formal limit η → +∞ shows no dispersion at all giving two pseudo-acoustic linear curves, longitudinal and transverse with slopes c p = (2μ e + λ e )/ρ and c s = (μ e + μ c )/ρ, respectively. Because, in this paper, we are interested only in real k (outside the band-gap region), the wave velocity (phase velocity) is real, if and only if ω is real.
Because ω 2 appears on the diagonal only, the problem (2.28) can be analogously expressed as an eigenvalue problem
Note that B 1 (k), B 2 (k), B 3 (k) and B 4 (k) are real symmetric matrices and, therefore, the resulting eigenvalues ω 2 are real. Obtaining real wave velocities is tantamount to having ω 2 ≥ 0 for all solutions of (2.30).
(c) Necessary and sufficient conditions for real wave propagation
We show next that all the eigenvalues ω 2 of B 1 (k), B 2 (k) and B 3 (k) are real and positive for every k = 0 and non-negative for k = 0, provided certain conditions on the material coefficients are satisfied. Sylvester's criterion states that a Hermitian matrix M is positive definite if and only if the leading principal minors are positive [38] . For the matrix B 1 , the three principal minors are 
The three principal minors of B 1 are clearly positive for k = 0 if 6
Similarly, for the matrix B 2 , the three principal minors are
For the matrix B 2 (k) = B 3 (k), considering positive η, ρ and separating terms in the brackets by looking at large and small values of k, we can state the necessary and sufficient conditions for strict positive definiteness of B 2 (k) at arbitrary k = 0,
Because B 4 (k) is diagonal, it is easy to show that positive definiteness is tantamount to the set of necessary and sufficient conditions for k = 0
On the other hand, considering the case k = 0, we obtain that the matrices reduce to
(2.43) Because the matrices are diagonal for k = 0, it is easy to show that positive semi-definiteness is tantamount to the set of necessary and sufficient conditions μ e ≥ 0, μ e + μ micro ≥ 0, μ c ≥ 0 and κ e + κ micro ≥ 0.
(2.44)
Hence, we can state a simple sufficient condition for real wave velocities for all real k μ e > 0, μ micro > 0, κ e + κ micro > 0, 2μ macro + λ macro > 0 and 4μ macro + 3κ e > 0, 2μ e + λ e > 0, 2μ micro + λ micro > 0.
(2.45)
In order to see a set of global necessary conditions for positivity at arbitrary k = 0, we consider first large and small values of k = 0 separately. For k → +∞, we must have 2μ e + λ e > 0, (2μ e + λ e )μ e L 2 c > 0, (2μ e + λ e )(2μ micro + λ micro )μ e L 2 c > 0, (2.46) or analogously 2μ e + λ e > 0, μ e L 2 c > 0 and 2μ micro + λ micro > 0, (2.47) 6 We note here that 
In (2.50), the requirement μ macro > 0 is redundant, because it is already assumed that μ e , μ micro > 0. It is clear that positive definiteness of the elastic energy (2.4) implies (2.50). We remark that, as shown in appendix Aa, the set of inequalities (2.50) is already implied by μ e > 0, μ micro > 0, μ c ≥ 0, κ e + κ micro > 0 and 2μ macro + λ macro > 0.
(2.51)
Finally letting μ micro → +∞ and κ micro → +∞ (or μ micro → +∞ and λ micro > const.) generates the limit condition for real wave velocities (μ e → μ macro ) μ macro > 0, μ c ≥ 0 and 2μ macro + λ macro > 0, (2.52) which coincides, up to μ c , with the strong ellipticity condition in isotropic linear elasticity (see §3) and it coincides fully with the condition for real wave velocities in micropolar elasticity; see §4.
A condition similar to (2.52) can be found in [10, equation 8.14 p. 26] where Mindlin requires that μ macro > 0, 2μ macro + λ macro > 0 (in our notation), 7 Let us emphasize that our method is not easily generalized to two immediate extensions. First, one could be interested in the isotropic-relaxed micromorphic model with weighted inertia contributions and weighted curvatures [34] . Second, one could be interested in the anisotropic setting [20] . In the second case, the block structure of the problem will be lost, and one has to deal with the full 12 × 12 case; see equation (A 23) in appendix A. Nonetheless, we expect positive definiteness to always imply real wave propagation. In [34] , we show that the tangents of the acoustic branches in k = 0 in the dispersion curves are 
A comparison: classical isotropic linear elasticity
For classical linear elasticity with isotropic energy density and kinetic energy density
The positive definiteness of the energy is equivalent to
It is easy to see that our homogenization formula (2.6) implies As before, in our study of wave propagation in micromorphic media, we limit ourselves to the case of plane waves travelling in an infinite domain. We suppose that the space dependence of all introduced kinematic fields is limited to a direction defined by a unit vectorξ ∈ R 3 , which is the direction of propagation of the wave. Therefore, we look for solutions of (3.3) in the form
Because our formulation is isotropic, we can, without loss of generality, specify the directionξ = e 1 . Then, X = e 1 , x R 3 = x 1 , and we obtain
With this ansatz, it is possible to write (3.3) as
Here, we observe that A 5 (e 1 , ω, k) is already diagonal and real. Requesting real wave velocities means ω 2 ≥ 0. For k = 0, this leads to the classical so-called strong ellipticity condition μ macro > 0, 2 μ macro + λ macro > 0, (3.9) which is implied by positive definiteness of the energy (3.2). In classical (linear or nonlinear) elasticity, the condition of real wave propagation (3.9) is equivalent to strong ellipticity and rank-one convexity. Indeed, rank-one convexity amounts to set (ξ = kξ with ξ 2 = 1)
where C is the fourth-order elasticity tensor. Condition (3.10) then reads
(3.11) We may express (3.11) given ξ ∈ R 3 as a quadratic form inû ∈ R 3 , which results in
where the components of the symmetric and real 3 × 3 matrix D(ξ ) read The three principal invariants are independent of the direction ξ owing to isotropy and are given by tr (D(ξ )) = ξ 2 (4μ macro + λ macro ) = k 2 (4μ macro + λ macro ), tr (Cof D(ξ )) = ξ 4 μ macro (5μ macro + 2λ macro ) = k 4 μ macro (5μ macro + 2λ macro ) and det(D(ξ )) = ξ 6 μ 2 macro (2, μ macro + λ macro ) = k 6 μ 2 macro (2μ macro + λ macro ).
Because D(ξ ) is real and symmetric, its eigenvalues are real. The eigenvalues of the matrix D(ξ ) are k 2 (2μ macro + λ macro ) and k 2 μ macro (of multiplicity 2) such that positivity at k = 0 is satisfied, if and only if 8 μ macro > 0, 2 μ macro + λ macro > 0, (3.15) which are the usual strong ellipticity conditions. We note here that the latter calculations also show that B(e 1 ) = (1/ρ)k 2 D(e 1 ). Alternatively, one may directly form the so-called acoustic tensor
and we see that strong ellipticity C(û ⊗ ξ ),û ⊗ ξ R 3×3 > 0 is equivalent to the positive definiteness of the acoustic tensor B(ξ ).
A further comparison: the linear Cosserat model
In the isotropic hyperelastic case, the elastic energy density and the kinetic energy density of the Cosserat model read
Introducing the canonical identification of R 3 with so (3), A can be expressed as a function of a ∈ R 3 as
Here, we assume for clarity a uniconstant curvature expression in terms of only Curl A 2 . Strict positive definiteness of the potential energy is equivalent to the following simple relations for the The dynamic formulation is obtained by defining a joint Hamiltonian and assuming stationary action. The dynamic equilibrium equations are
see also [40] [41] [42] [43] for formulations in terms of axial vectors. Note that, for zero Cosserat couple modulus μ c = 0, the coupling of the two fields (u, A) is absent, in opposition to the relaxed micromorphic model (equation (2.15) ). Considering plane and stationary waves of amplitudeŝ u andâ, it is possible to express this system as
As done in the case of the relaxed micromorphic model, it is possible to express equivalently the problem with A 6 (ω, k) and the following symmetric matrix:
Because ω 2 appears only on the diagonal, the problem can be analogously expressed as the following eigenvalue problems:
det(B 6 (k) − ω 2 1) = 0 and det(B 7 (k) − ω 2 1) = 0, 
are the blocks of the acoustic tensor B
The eigenvalues of the matrix B 6 (k) are simply the elements of the diagonal; therefore, we have where we have set Considering these two sets of conditions, it is possible to state a necessary and sufficient condition for the positive definiteness of B 6 (k) and B 7 (k) and therefore of the acoustic tensor B(k) 2μ macro + λ macro > 0, μ macro > 0 and μ c ≥ 0, (4.21) which are implied by the positive definiteness of the energy (4.3). Eringen [12, p. 150 ] also obtains correctly (4.18) and (4.20) (in his notation μ c = κ/2, μ macro = μ Eringen + κ/2). In [44, 45] , strong ellipticity for the Cosserat micropolar model is defined and investigated. In this respect, we note that ellipticity is connected to acceleration waves, whereas our investigation concerns real wave velocities for planar waves. Similarly to [46] , it is established in [44, 45] that strong ellipticity for the micropolar model holds if and only if (the uniconstant curvature case in our notation) 2μ macro + λ macro > 0 and μ macro + μ c > 0. (4.22) We conclude that, for micropolar material models (and therefore also for micromorphic materials), strong ellipticity (4.22) is too weak to ensure real planar waves because it is implied by, but does not imply, (4.21) . This fact seems to have been appreciated also in the study of the Cosserat model [47] [48] [49] [50] [51] .
Conclusion
In this paper, we derive the set of necessary and sufficient conditions that have to be imposed on the constitutive parameters of the relaxed micromorphic model in order to guarantee -positive definiteness; -real wave velocity; and -Legendre-Hadamard strong ellipticity condition.
We show that if, on the one hand, definite positiveness implies real wave propagation, on the other hand, real wave propagation is not guaranteed by the strong ellipticity condition. We conclude that in strong contrast to the case of classical isotropic linear elasticity, where the three concepts are known to be equivalent, in the case of the relaxed micromorphic continua only definite positiveness of the strain energy density can be considered to be a good criterion to guarantee real wave speeds in the considered media. The proposed considerations can be extended to all generalized continua where the equivalence between the three notions is far from being straightforward. Acknowledgements. We thank Victor A. Eremeyev for helpful clarification.
Appendix A (a) Inequality relations between material parameters
The formulae in §2a are based on the harmonic mean of two numbers κ e and κ micro (or μ e and μ micro ). If the two numbers are positive, it is easy to see that κ macro ≤ min(κ e , κ micro ).
(A 1)
Here, we show that the same conclusion still holds if we merely assume that κ e + κ micro > 0. This allows for either κ e < 0 or κ micro < 0. Therefore, considering that κ e + κ micro > 0, even if the energy 
Considering similarly μ e + μ micro > 0, it is possible to obtain
Therefore, if μ e + μ micro > 0 and κ e + κ micro > 0, the macroscopic parameters are less than or equal to the respective microscopic parameters, namely κ e ≥ κ macro , κ micro ≥ κ macro , μ e ≥ μ macro , μ micro ≥ μ macro , ( A 4 ) and it is possible to show that 2μ e + λ e = 1 3 (4μ e + 3κ e ) ≥ 1 3 (4μ macro + 3κ macro ) = 2μ macro + λ macro > 0, 2μ micro + λ micro = 1 3 (4μ micro + 3κ micro ) ≥ 1 3 (4μ macro + 3κ macro ) = 2μ macro + λ macro > 0, (2μ e + λ e ) + (2μ micro + λ micro ) ≥ 2(2μ macro + λ macro ) > 0 and 4μ macro + 3κ e ≥ 4μ macro + 3κ macro = 3(2μ macro + λ macro ) > 0.
Therefore, the set of inequalities (2.50) is implied from the smaller set μ e > 0, μ micro > 0, μ c ≥ 0, κ e + κ micro > 0 and 2μ macro + λ macro > 0.
(A 6) We note here that 3(2μ e + λ e ) ≥ 4μ macro + 3κ e ≥ 3(2μ macro + λ macro ), because 3(2μ e + λ e ) = 4μ e + 3κ e ≥ 4μ macro + 3κ e ≥ 4μ macro + 3κ macro = 3(2μ macro + λ macro ).
(A 7)
(b) The 12 × 12 acoustic tensor for arbitrary direction
We suppose that the space dependence of all introduced kinematic fields is limited to a direction defined by a unit vector ξ , which is the direction of propagation of the wave. Therefore, we look and ηP ,tt = −μ e L 2 c Curl Curl P + 2 μ e sym ( ∇u − P) + 2μ c skew( ∇u − P) + λ e tr ( ∇u − P)1 − [2μ micro sym P + λ micro tr (P)1],
whereû is the polarization vector andP is the polarization matrix. We start by remarking that, considering A, B ∈ R 3×3 , we have
where L B : R 27 → R 3×3 is a linear operator with constant coefficients defined by the appropriate product rule of differentiation. Therefore, we obtain Curl(Ps(x, t)) = Curl(P · 1s(x, t)) =P · Curl( 1s(x, t)),
The derivatives of s(x, t) can be evaluated by considering
It can be noted that Curl(s(x, t) 1) = anti(∇s(x, t)) = e i(k ξ ,x R 3 −ωt) ik anti(ξ ) = s(x, t)ik anti(ξ ).
(A 14)
Therefore, it is possible to evaluate the Curl Curl P as Curl Curl(Ps(x, t)) = Curl(P · anti(ξ ) ∈so (3) iks(x, t)) = ik Curl([P · anti(ξ )] · 1s(x, t))
On the other hand, the second derivative of P with respect to time is
Analogously for u, it is possible to evaluate the gradient and the derivatives with respect to time as
The sym, skew and tr of ∇u − P can then be expressed as
and 
or analogously − ρω 2û + k 2 (2μ e sym (û ⊗ ξ ) · ξ + 2μ c skew(û ⊗ ξ ) · ξ + λ e û, ξ R 3 ξ ) + ik(2μ e symP · ξ + 2μ c skewP · ξ + λ e trPξ ) = 0 and − ηω 2P − μ e L 2 c k 2P anti(ξ ) · anti(ξ ) At given ξ ∈ R 3 , this is a linear system in (û,P) ∈ C 12 which can be written in 12 × 12 matrix format as ⎛
Here,B(ξ , k) is the 12 × 12 acoustic tensor. The columns ofÃ arẽ
−k 2 (λ e − μ c + μ e )ξ 1 ξ 3 −k 2 (λ e − μ c + μ e )ξ 2 ξ 3 ρω 2 − k 2 (λ e + 2μ e )ξ 2 3 − k 2 (μ c + μ e )(ξ 2 1 + ξ 2 2 ) ikλ e ξ 3 0 −ik(μ c − μ e )ξ 1 0 ikλ e ξ 3 −ik(μ c − μ e )ξ 2 ik(μ c + μ e )ξ 1 ik(μ c + μ e )ξ 2 ik(λ e + 2μ e )ξ 3
−ikλ e ξ 2 −ikλ e ξ 3 ηω 2 − (2(μ e + μ micro ) + λ e + λ micro ) −k 2 μ e L 2 c (ξ 2 2 + ξ 3 3 ) k 2 μ e L 2 c ξ 1 ξ 2 k 2 μ e L 2 c ξ 1 ξ 3 0 −(λ e + λ micro ) 0 0 0 −(λ e + λ micro )
ik(μ c − μ e )ξ 1 0 k 2 μ e L 2 c ξ 1 ξ 2 ηω 2 − (μ c + μ e + μ micro ) − k 2 μ e L 2 c (ξ 2 1 + ξ 2 3 ) k 2 μ e L 2 c ξ 1 ξ 2 0 
ik(μ c − μ e )ξ 2 −ik(μ c + μ e )ξ 1 0 0 μ c − μ e − μ micro 0 ηω 2 − (μ c + μ e + μ micro ) − k 2 μ e L 2 c (ξ 2 2 + ξ 2 3 )
−ikλ e ξ 1 −ik(2μ e + λ e )ξ 2 −ikλ e ξ 3 −λ e − λ micro 0 0 k 2 μ e L 2 c ξ 1 ξ 2 ηω 2 − (μ c + μ e + μ micro ) − k 2 μ e L 2 c (ξ 2
−ikλ e ξ 2 −ik(λ e + 2μ e )ξ 3 −λ e − λ micro 0 0 0 −λ e − λ micro 0 k 2 μ e L 2 c ξ 1 ξ 3 k 2 μ e L 2 c ξ 2 ξ 3 ηω 2 − (μ c + μ e + μ micro ) − k 2 μ e L 2 c (ξ 2 1 + ξ 2 2 )
It is clear that, even with the aid of up-to-date computer algebra systems, it is practically impossible to determine the positive definiteness of the 12 × 12 acoustic tensorB as dependent on the given material parameters. In the main body of our paper, we succeed by choosing immediately the propagation direction ξ = e 1 and by considering a set of new variables (2.16) . This allows us to obtain a certain pre-factorization ofB(e 1 , k) in 3 × 3 blocks. Because the formulation is isotropic, choosing ξ = e 1 is no restriction, as argued before.
